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ABSTRACT 
The mathematical model presented for the focused logging system 
is applicable to any resistance logging tool of the electrode type. 
Horizontal or cylindrical resistance interfaces may be included in 
any combinations. 
The tool and its environment are compartmentalized, and the in-
tegral form of the condition for continuity of current is applied to 
each compartment. Acceleration methods are applied to the iterative 
solution of the resulting large-scale system of linear equations. 
T\vO specific models are presented, one for the study of the ef-
fects of invasion and the other for the study of the effects of bed 
thickness on the apparent resistivity readings of the tool. 
INTRODUCTION 
Quantitative interpretation of electric well logs for the de-
termination of reservoir properties such as porosity and water sat-
uration was long delayed after the introduction of resistance well 
logging because of the difficulty of obtaining reliable estimates 
for true resistivity, Rt. 
The first step in this direction was taken in Hay 1947 \<lhen the 
first resistivity departure curves \~Jere introduced by Schlumberger. 
In 1948 the l\1icrolog was introduced by Schlumberger as the first at-
tempt to facilitate quantitative interpretation by determining the 
resistivity of the invaded zone. 
The combination of tools having different characteristics for 
the determination of Rt, the resistance and depth of the invaded 
zone, and other pertinent properties for the ultimate determination 
of reservoir parameters such as saturation has received much recent 
interest. 
TI1e use of these combinations, hmvever, depends on the avail-
ability of suitable departure curves giving detailed information on 
the response of the tool to its environment. 
One combination recently investigated is that of the induction 
\-Jell log Hi th the focus or guard log. Unfortunately, although anal-
ysis for the induction log has reached an advanced stage, analysis 
for the focused · log has not been adequate. 
1 
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.1--Iost of the analysis of resistance well logging tools has been 
limited to point electrode systems where analytical solutions are 
known. 
The potential distribution of a point electrode in a layered 
earth has been available since 1930 (Stefanesco, 1930); however, the 
computations involved are quite lengthy. Many methods of computa-
tional improvement have been suggested (e.g., Flathe, 1955, Unz, 
1962, Onodera, 1963, and Nabighian, 1966). The method suggested by 
Nabighian uses finite forward differences of higher orders and re-
peated summation by parts to accelerate the convergence of the po-
tential and resistivity series. 
Owen and Greer (1951) advanced an analytical method for the 
guard electrode logging system, a system where the electrodes have 
large surface areas and may not be adequately described as point 
sources. This method approximates the tool, the borehole, and the 
invaded zone as proiate spheroids with the minor diameter set to 
the dimension of the co1Tesponding surface. 
It was pointed out in a later publication (De Witte, et al., 
1957) that the prolate spheroid approximation, in which the equi-
potential surfaces are prolate spheroids, breaks down for the case 
where the resistivity of the drill hole fluid is much smaller than 
the formation resistivity. This is due to the refraction of the 
current flow at the cylindrical resistance interfaces whereas the 
prolate spheriod approximation yields hyperbolic surfaces of flow. 
A method is then presented approximating the electrodes by a series 
of spheres having the same diameter as the electrode. 
TI}e basic problem with methods based on analytical solutions 
for the point or spherical electrode systems is that the analysis 
3 
is limited to environments where the analytical solutions are known. 
For example, no adequate solution exists for the layered earth which 
is penetrated by a borehole. 
The mathematical model of the focused logging tool presented 
here is applicable to any resistance well logging tool of the elec-
trode type, with any configuration of cylindrical and horizontal 
resistance boundaries symmetric about the axis of the tool. 
The solution to the model is obtained by compartmentalizing 
the tool and its surrounding media and then applying the integral 
form of the condition for continuity of current to each compartment. 
Acceleration methods are applied to the iterative solution of the 
resulting large-scale system of othenvise slowly convergent linear 
equations in order to yield economic solutions. 
Two specific models are· presented as examples: one for the 
study of the effects of an invaded zone and the other for the 
study of the effects of bed thickness on apparent resistivity. 
CHAPTER I 
"/IJODELS FOR 11liN BED AND INVASION STUDIES 
WELL LOGGING, GENERAL 
In electric well logging, a sonde containing the electrodes 
for measuring various electrical properties of the earth is lowered 
into the well on an armored cable. ·This cable contains the conduc-
tors to connect the devices in the sonde to recording equipment at 
the surface. At the surface continuous recording is made of the out-
puts of these measuring devices plotted against depth as the sonde 
is withdrawn from the hole. 
Ideally, these measuring devices would give outputs correspond-
ing to the true electrical properties of the formation surrounding 
the borehole. Their outputs~ hO\'>'ever, are influenced by the pres-
ence of the borehole, the invasion of the mud filtrate into the 
formation, and even by the presence of the sonde itself. Thus, only 
apparent values of the electrical properties are recorded at the 
surface, and the true values must be obtained by applying corrections 
to these apparent values. This can only be accomplished after a de-
tailed knowledge of the tool's environment and of its behavior in 
this environment is obtained. 
The mud in the hole is made heavy enough to prevent formation 
fluids from penetrating into the borehole. However, if the borehole 
passes "through a region of high permeability, the mud filtrate will 
4 
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still penetrate into the formation, producing an invaded zone. The 
invasion of filtrate from the borehole into the formation quickly 
results in the formation of a mud cake on the inside of the borehole 
which limits the loss of fluid. The actual depth of penetration 
will depend upon factors such as time, filtration properties o£ the 
mud, porosity of the formation, and pressure differential between 
the mud formation fluids. 
The diameter of penetration may be assumed to vary from twice 
tlw.t of the borehole for high-porosity formations to ten times that 
of the borehole for lo\v-porosi ty formations. 
For low-permeability beds, such as shale, little or no invasion 
takes place, and no mud cake forms. 
RESIST.~,NCE WELL LOGGING 
- -
The subsurface electrode system for the focus log is shown in 
Figure lA. The device is used to measure resistivity in a narrowly 
focused region normal to the center of the electrode. There are 
many other electrode systems of a nonfocused type, such as those 
used for the normal and lateral logs shown diagrammatically in 
Figures lB and lC. 
1be measurements of formation resistivity are affected by the 
mud in the borehole, the invasion of the mud filtrate into the for-
mation, and the thickness of the bed for which the resistivity is 
being determined. Thus, the readings taken from a resistance well 





( 8) (C) 
fiG. J. ELECTRODE SYSTEMS. ( A) FOCUS LOG (B) NORMAL LOG 
(C) LATERAL LOG. 
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If all the physical parameters involved were kno\m, the appro-
priate corrections could be made to the apparent resistivity values 
to obtain the true resistivities. Curves showing the functional re-
lationship between these physical parameters and the effects of these 
parameters on the reading of the logging device are known as depar-
ture curves. 
Since the parameters, such as invasion depth, are seldom pre-
cisely kno\m, they must be inferred from a set of logging measure-
ments made by using devices which have characteristics different 
from the parameters being determined. To accomplish this one must 
know the characteristics of the tools being employed. 
A possible combination of tools is the focus log \vith the in-
duction well log. The characteristics of the induction well logging 
tool are known in some detail, but no adequate mathematical treat-
ment of the focus logging tool has been developed heretofore. 
A mathematical model of" the focus logging tool and its sur-
roundings is introduced Nith a numerical method of solution for the 
model. Although the focus logging tool is modeled, the method is 
applicable to any resistance logging tool of the electrode type. 
FOCUS LOGGING TOOL 
A dimensioned drawing of the tool used in the model is shmm in 
Figure 2. The tool is composed basically of two guard electrodes 
separated by insulators from a central measure electrode. The two 















Focus log electrode 
the examples. 
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potential V. The apparent resistivity Raof the surrounding medium 
is then given by 
9 
R. = k V/I 
a 
(1) 
where k is the tool constant and I is the current flowing from the 
measure electrode. 
The function of the guard electrodes is to keep the current flow 
nearly radial at the measure electrode, improving the tool's per-
formance in thin beds. 
BASIC l--·10DELS 
!-1odels were constructed to study the effects of invasion and 
the effects of bed thickness on the tool response. The bed structure 
was assumed to be perpendicular to the borehole for all models. 
Figure 3 depicts the model used for determining the effects of 
invasion. A borehole of radius r is shown penetrating a formation 
m 
of true resistivity Rt. Invasion is sholm to have taken place to a 
radius r with a resultant resistivity in the invaded zone of R . X X 
The model used for determining the effects of bed thickness 
on the measured resistivity is shown in Figure 4. A bed of true 
resistivity Rt and having side beds of resistivity Rs is shown being 
penetrated by a borehole of radius r . 
m 
The tool is assumed to be cen-
tered in the bed as shown, and the sidebeds are assumed to be infi-
nitely thick. As in Figure 3, the borehole has mud of resistivity 
R · however, the effects of invasion are not considered here. m, 
10 
FIG. 3. MODEL FOR INVASION STUDIES. 
FIG. 4. MODEL FOR THIN BED STUDIES. 
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I~ either type of model, a cylindrical coordinate system is 
established with origin at the center of the measure electrode and 
the positive z-axis extending upward. The orientation of the x-axis 
is immaterial since there is complete symmetry about the z-axis. Note 
that for the models considered, symmetry also exists about the x-y 
plane and, hence, also about the origin. These symmetry conditions 
are not essential to the model, but they greatly reduce the computa-
tion required. 
With the approach taken, before the apparent resistivity can be 
obtained, the potential distribution in the media surrounding the 
electrode must be determined. By using the potential gradients 
in the immediate vicinity of the measure electrode, the current 
flowing from the measure electrode can be determined. The apparent 
resistivity may then be obtained using Equation (1). 
The potential distribution in the media surrounding the tool 
is determined by applying the condition for continuity of current. 
Equat i on (2) is the integral form expressing the condition for con-
tinuity of current where J is the current density. 
-+ -+ f!J·dcr = 0 (2) 
This equation expresses the fact that for any region not enclos-
ing any current sources or sinks, the integral of the current entering 
the region through all of its exterior surf aces is zero. 
12 
BOUNDARY CONDITIONS 
If the total region considered around the tool is large enough~ 
the remote boundary of this region may be assumed to be at zero 
potential. 
TI1e conducting surfaces of the tool itself are clamped at 
potential V. 
The insulating surfaces have no outward current flO\v so the 
potential gradient normal to the surface of the insulator is zero. 
Therefore, next to these surfaces 
av 
'dr = 0 (3) 
CHAPTER II 
DISCRETIZATION OF THE MODEL 
SPECIFICATION OF POTENTIAL DISTRIBUTION 
The potentials are established at a fixed number of heights, 
z1,zz,z3•••zn from the tool, at distances r 1 ,r2 ,r 3,···rm from the 
axis of the electrode. Because of the symmetry about the axis of 
the electrode, this could be considered to be the potential distri-
bution on a rectangular grid lying in any vertical plane, such as 
the x-z plane, which contains the axis of the electrode. The po-
tentials need only be determined in one quadrant of this plane, 
s1nce the potentials in the other quadrants may be obtained by 
symmetry. 
In order to adequately describe the potential distribution 
near the electrodes, the mesh spacing must be made exceedingly 
small, and maintaining this spacing throughout the grid would re-
sult in a very large number of interior mesh points. Since the po-
tential gradients are largest near the electrodes and decrease with 
increasing distance from the tool, one approach to decrease the num-
ber of interior mesh points is to increase the mesh spacing in some 
systematic manner \vith increasing distance from the tool. A diagram-
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In the mesh chosen for the models studied, the spacing between 
successive grid lines is increased in a geometric progression. This 
method of spacing keeps the potential differences between grid lines 
approximately constant for a uniform media. 
The placement of the individual grid lines is somewhat arbi-
trary as far as the validity of the model is concerned. The close-
ness of spacing in the mesh, however, ultimately determines the 
accuracy for the solution of the potential distribution. The fol-
lowing restrictions on the placement of the grid lines are imposed 
by the development of the model. 
1. As shown in Figure 5, the boundaries between the conducting 
and insulating surfaces of the tool must lie midway between t1.vo grid 
lines. 
2. Grid lines must be placed to coincide with the location of 
any boundaries between media of two differing resistivities. Thus, 
vertical lines must be place.d at the surface of the tool, at the edge 
of the borehole, and at the edge of the invasion boundary. For the 
models of the type shown in Figure 4 for thin bed studies, horizontal 
grid lines must be placed to coincide with the location of the inter-
faces between the bed and its sidebeds. 
The grid actually used in the studies of both types of models 
is sho~~ in Figure 6. The aforementioned restrictions on the place-
ment of grid lines affects only the lines passing near the tool. On 
the whole, the spacing may be observed to be increasing in a geometric 
progression with distance from the tool. A detail of the grid in the 
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FIG. 6. GRID USED IN NOOEL STUDIES. 
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J = I 
FIG. 7. DETAIL O'F GRID IN VICIN.ITY OF MEASURE ELECTRODE. 
·. 
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L~t Vij designate the potential at the intersection of the ith 
vertical grid line and the jth horizontal grid line. A value of 1 
for i corresponds to the surface of the tool at its smallest dimen-
sion, and the farthest removed vertical grid line corresponds to 
i=!-1. The horizontal grid line passing through the center of the 
electrode is considered to be the second grid line, corresponding 
to j=2, with j=l corresponding to a single grid line placed below 
the center of the electrode. This line is spaced below the center-
line an amount equal to the spacing of the line corresponding to 
j=3 above the centerline. This single grid line from the fourth 
quadrant is required for symmetry in the calculations of the poten-
tial gradients, as will be shown later. 
ri is used to signify the distance from the axis of the elec-
trode to the ith vertical grid line. zj is the distance from the 
centerline of the electrode to the jth horizontal grid line. The 
values of ri and zj for the grid of Figures 6 and 7 may be found 
in Table 1. 
19 
Table 1 
Values of r · and z · in inches for the grid 
1 J 
shown in Figures 6 and 7. 
i r. j z. 
1 J 
1 1.687 1 -.833 
2 1.812 2 .000 
3 2.359 3 .833 
4 3. 072 4 1.667 
5 4.000 5 2.500 
6 5.657 6 3.500 
7 8 . 000 7 4.500 
8 11.314 8 5.734 
9 18.000 9 8.295 
10 22.627 10 12.000 
11 32.000 11 17.359 
12 45.255 12 25.112 
13 64.000 13 36.327 
14 90.510 14 52.550 
15 128.000 15 76.019 
16 181.020 16 109.970 
17 256.000 17 159.080 
18 362.040 18 230.130 
19 512.000 19 332.900 
20 724.080 20 481.580 
21 1_,024.000 21 696.650 
22 1,007.800 
20 
APPLIC~TION OF TilE CONDITION FOR CONTINUITY OF CURRENT 
TO TI1E REGION SURROUNDING INTERIOR POINTS 
Let (i,j) represent the point of intersection of the ith 
vertical grid line and the jth horizontal grid line. 
Consider the toroidial region of rectangular x section con-
structed around any interior grid point (i,j) so that the boundaries 
of the region where this toroid intersects the plane of the grid lie 
midlvay between the point (i, j) and the adjacent grid lines, as shO\vn 
in Figure ·a. In general, it would be possible for regions of four 
differing resistivities R1, R2 , R3 , and R4 to meet at the mesh point 
(i, j) as shown in Figure 9. Since this region contains no current 
sources or sinks, the condition for continuity of current requires 
that the integral of the current flowing into the region over all of 
.. 
its surface be zero. To express this relation, the follo\ving sym-
bols are introduced. 
The component of the current flowing into the toroidal 
region normal to surface A of the toroid around point (i,j). As 
shown in Figure 9, surface A is the inside surface of the toroid. 
I I I B· ·' C· ·' D· · ~ ... J 1,J 1,J 
Component of the current flowing into 
the toroidal region normal to surfaces B, C, and D, respectively, 
where surface B is the outside surface of the toroid, surface C 
is the bottom surface, and surface D is the top surface of the 
toroid. 
IA Construct a rectangular coordinate system with origin 
q 
at (i,j) and axes parallel to the grid lines. 
(I, J) 
(l+I,J-1) 
FIG. 8. TOROIDAL RING CONCENTRIC 





FIG. 9. RELATION OF TOROIDAL REGION TO GRID. 




The condition for continuity of current in the toroidal region 
surrounding (i,j) requires 
I A. . + I B . . + lc . . + I D . ~ = 0 • 
1,] 1,] 1,J 1,) (4) 
CALCULATION OF Io .. AND Ic .. 
1,J 1,] 
In. . is found by calculating the current flow between the two 
1,J 
horizontal surfaces shown in Figure 10, the lower surface at height 
zj and potential vi,j' and the upper surface at height zj+l and po-
tent i a 1 Vi, j + 1 • 
into t\vo parts. 
Each of these two horizontal surfaces are divided 
The current In flmving between the inner t\vO sur-
2 
faces passes through a region of resistivity R2 , and the current 
r0 flowing between the outer two surfaces passes through a region 
1 
of resistivity R1. 10 . . is given by the relation 1,J 
Io .. = Iol+ Io2. 
1,) 
(S) 
The length of the current path for the current I0 is equal to 2 
(zj+l-zj), and the current flows through a region of resistivity R2 
I I L ___________ ..J 
J I 







FIG. I 0. DETAIL OF 
CURRENT FLOW 
THROUGH SURFACE 
0 OF THE TOROID. 
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z. I J+ 
between surfaces of area 
The current flmv beti-.reen these two surfaces is 
The length of the cu1:rent path for the current In is equal to 
1 
zj+l-zj, and the current flows through a region of resistivity R1 
betHcen surfaces of area 
The current flmv between these two surfaces is then given by 
• (V · · 1-V · ·) 1,]+ 1,] • 
In is then given by substituting for In and In in Equation (5). 
l 2 








D! . = 1,] 
Simplifying (11), 
Similarly, Ir. . may be computed: 
"'1,] 
I c. . 
. 1, J 
= Ic + Ic , 
3 4 
• (V· · 1- V· ·) 1,]- 1,J ' 






Substit~ting in (13), 
(16) 
where 
c:.J. = [n/(Z·-Z· )]((l/R3)(3r- 2 -2r·r~ . -r· 2 ) 
·- J J-1 ~ ~ ~-1 1-l 
~ALCULATION OF IA AND Is 
As shown in Figure 11, the length of the current path for both 
IA and IA is equal to r- - r 1· _ 1 . The sur face area, hm.,ever, is not 2 3 1. 
constant across this current path but varies as the current flows 
from the toroid's inner surface to its outer surface. TI1e current 
flow between these surfaces must be obtained by integration. 
I A- • 1,J 
(18) 
Consider the voltage drop dV given in Equation (19) due to tl1e 
current IA flowing across the region of radius r and thickness dr 
2 
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FIG. II. DETAIL 0 F CURRENT . FLOW THROUGH SURFACE 
A OF THE TOROID. 
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r;_, . 
The potential varies from Vi-I,j to vi,j as one goes from ri-l 
to ri .. Therefore, 
v .. -v. 1 . 1,] 1- ,J 
{(-IA2R2)/[n(zj+l-zj)]} Jri (1/r)dr 
ri-! 
Likewise, IA may be obtained by integration. 
3 








+(7T/R 3)(z.-z. 1)/(lnr--lnr. 1). J J- 1 1-
Simplifying (25) 
Similarly IB· . may be determined. 
1,] 





Substituting for r 8 and IB into Equation (27) 1 4 
s! . = 1,J 
Is. . 
1,) 
RELATION OF POTENTIAL AT AN INTERIOR POINT TO POTENTIALS AT 
ADJACENT GRID POINTS 




Equations (24), (30), (16) and (10), respectively, may be substi-
tuted in Equation (4) yielding 
Solving tne above equation for Vi,j 
v. . 1,J 
(32) 
(33) 
for al~ i, j such that (i,j) is an interior point and where 
A· . J.,] 
s .. J.,] 
c .. 
1,J 
D- . J.,] 
I I I I I 






Equation (33) relates the value of · the potential at the inter-
ior grid point (i,j) to the potentials at surrounding grid points. 
One equation of the above form may be ~Titten for each interior 
point of the grid. 
It may be noted that the above equation shO\oJS that the potential 
at any interior point on the mesh is simply a weighted average of the 
potential~ at the four surrounding mesh points, \-.rith the weights, 
given by Ai,j-' Bi,j-' Ci,j and Di_,j-' being functions of the mesh spac-
ings and of the resistivities of the media immediately surrounding 
the given mesh point. 
34 
For the grid of Figure 6, there are 344 interior points. The 
344 equations given hy (33) together with the boundary conditions 
comprise a set of simultaneous equations, the solution of which 
yields the potential distribution for the grid. 
The solution of these equations for the grid of Figure 6 is 
discussed in the follmving chapter. 
SHJPLE INTERIOR POINTS 
A simple interior point is an interior point ,.,..hich is sur-
rounded by a media of resistivity R$ such that R1=R2=R3=R4=R. 
For simple interior points the coefficients Ai, j, Bi, j, Ci, j 
and D · . in Equation (33) may be simplified to the follmdng forms. 1,] 
B· . 1,] 
C.· 1,] 






E· · = A~ ·+B~ ·+C~ ·+D~ · 1,J 1,J 1,] 1,] 1,J 
A'·' . = 1,J 
II 
B· . = 1 , J 
II c. . 1,J 
A~ - (R) = 1,J 1T ( z · 1 - z · 1 ) I ( lnr · -lnr · 1 ) J + J- 1 1-
' Bi,j(R) = 
= 1r(r. 1 2 +2r. 1r--2r-r. 1 -r- 1 2 )/(z. - z. 1 ) 1+ 1+ 1 1. 1- 1- 1. 1-
II 
D· . 1,J ' = Di,j (R) 







The coefficients Ai,j• Bi,j• ci,j• and Di,j may be observed to 
be independent of the resistivity R for s imple interior points. Thus, 
the coefficients in Equation (33) for interior points not lying on 
resistance boundaries are invariant from model to model. 
36 
NUMERic;AL REPRESENTATION OF BOUNDARY CONDITIONS 
REMOTE BOUNDARIES 
Along all the remote boundaries the potential is assumed to 
be zero. For the grid of figure 6, this condition is represented 
by the following equations. 
V· 22 = 0.0 l., 
MEASURE ELECTRODE SURFACE 
i = 3,4,5,···,21 (47) 
j = 1,2,3,···,22 (48) 
The surface of the measure electrode is maintained at a poten-
t ial of one volt. For the grid of Figure 6 
j = 1,2,3,4,5 (49) 
GUARD ELECTRODE SURFACE 
The surface of the guard electrode is maintained at one volt. 
For the grid of Figure 6 
vi,j = 1.0 j- 7,8,9,···,15 (50) 
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INSULATING SURFACES OF TllE TOOL 
As discussed previously, the potential gradient normal to the 
insulating surfaces of the tool is zero. For the grid of Figure 6 
this is expressed by the equations: 
Vz,G (51) 
Vz,j = v3,j j = 16,17,18,···,21 (52) 
PLANE OF SYMMETRY 
The condition of symmetry about the plane z=O allmvs the po-
tentials to be calculated in only one· quadrant of the mesh. This 
condition is imposed on the potentials by setting the potentials 
in the one line from the fourth quadrant equal to the corresponding 
line of potentials in the first quadrant. For the grid of Figure 6 
(53) 
The irregular shaped boundary thus described encloses the 344 inter-
ior points whose potentials satisfys the relation given in Equation 
(33). 
CHAPTER III 
NUMERICAL SOLUTION FOR TI1E POTENTIAL DISTRIBUTION 
The solution of the simultaneous equations described by 
Equation (33) yields the potential distribution across the mesh. 
For a mesh the size of Figure 6, the storage of all the coef-
f i cients for the 344 simultaneous equations would require 
344x344=118,336 locations, precluding the use of a direct mcth-
ad of sol uti on. 
An iterative method, the method of successive displacements 
(the Gauss-Seidel method) is used, requiring the storage of only 
the nonzero coefficients Ai,j• Bi,j• ci,j and Di,j• for each in-
terior point. 
TI1e iterative solution of these equations is not without dif-
ficul ty, hmvever, as an initial trial solution is required and 
convergence is so slow that some form of acceleration must be 
employed. 
ITERATIVE SOLUT ION Of THE SHHJLTI\J.'JEOUS EQUATIONS 
For each interior point (i,j) in turn, Equation (33) is sol-
ved for vi,j using the most r e cent values for the potentia ls at 
the s ur rounding po i nts . Le t V~k~ d enote the valu e of t he po t en -
1 ,] 
tial V· . computed at the end of the kth iteration. Denoting the 1,J 
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V c. k+. 1/2) ne\-.'ly computed value of V · · by we have, from Equa-1,J l,J ' 
tion (33), 
(k) 
=A .. V . . + B .. V .. 1+ C .• V. • 1,J l,J 1,J 1,]- 1,J 1+1,] 
+ D. . V. . 
l,J 1+1,] 
(k+ 1) The value for V1. . , representing the final value of V for the 
, J 
(k+l) iteration is then given by 
v~k:1) = 
1,J 
Equation (55) is employed as a device to accelerate conver-
gence and is. known as overrelaxation. The choice of F as 1. 0 






Equations (54) and (55) are employed for each interior point 
in turn~ and the new value obtained for vi,j is stored immediately 
and used in all further computations involving the potential at 
that point. For that reason~ the superscripts were not used for 
the last three potentials involved in Equation (44)~ as some of 
the terms involve potentials calculated in the kth iteration and 
some involve ·potentials from the (k+l) iteration. 
It was found that the iterations progress more smoothly with 
a more consistent trend to the final potential distribution if 
the interior points on the mesh are Sl1ept periodically in a dif-
ferent order. 'The points of the grid are st·:ept first in the order 
shown in Figure l3(a), then as shown in Figure 13(b) on the next 
iteration, the next iteration as shown in Figure 13(c), then as 
sholm in Figure 13(d). The order of Figure 13(a) is then used and 
the sequence is repeated cyclica lly. 
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The inverse of the current flm.ring from the measure electrode, 
I RA, is proportional to the apparent resistivity of the medium. 
This quantity is computed a fter each ite ration, and the conver gence 
of this quantity is used to judge the convergence of the iterations. 
As shown previously, for simple interior points the terms of 
Equation (33) are indep endent of the r esistivity. For the model 
where the .entire media .surrounding the tool is of uniform resistiv-
ity, all interior points are simple interior points, and hence the 
potential dis tribut i on is independent of the r esistivity. This dis -
tribution is derived and used for initial values~ vf?~, in a ll other 
model studies . 
(a) 
iii t 
I 2 3 4 
k= 1,5,9 
(c) 
4 3 2 I 
ttt! 













F IG.I3. ALTERNATING DIRECTION SWEEP 
-OF INTERIOR POINTS. 
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OBTAINING THE TIUAL SOLUTION 
TI1e potential distribution obtained for the case where the 
entire media surrounding the tool is of uniform resistivity is 
used as the source of initial values, v~ 0 ~, in all other model l.,J 
studies. 
This distribution is obtained by initially setting the poten-
tials along the conducting surfaces of the tool to one volt and 
the potentials at all other grid points to zero. As the media is 
assumed to be entirely uniform, the apparent resistivity should 
equal the true resistivity of the medium. The constant of propor-
tionality between the calculated apparent resistivity and the ap-
parent resistivity may be determined from this model. Iterations 
are performed until the calculated apparent resistivity indicates 
convergence to the desired accuracy. 
The Appendix contains the potential distribution obtained 
after every 400 iterations for this model using a near optimal 
value of 1. 8 for the overrelaxation fact.or. A resistivity of one 
ohm-meter was assumed for the apparent resistivity calculations. 
After 8000 iterations R~ had attained a value of 4.0297961, dif-
fering by less than l.xlo- 8 between successive iterations. TI1us 
it follows that: 
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Ra = R~/4.0297961 (57) 
A contqur map of the final potential distribution is given in 
Figure 13. It should be noted that Figure 13 is a log-log plot, 
distorting the small measure electrode to an infinite size. 
The rate of convergence is sensitive to the choice of the 
overrelaxation factor. The convergence of the calculated appar-
ent resistivity is shown in Figure 14 for the uniform media of 
resistivity one ohm-meter. As an example, the solution for R~ 
is accurate \vithin S%(2.xl0- 1 ) after only 640 iterations vdth 
F=l. 8, whereas 2000 iterations lvere required to attain the same 
accuracy with F=l.O. 
C()?.JPUTATIONAL METI!OD, GENERAL 
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The coefficients of Equation (33) have been shown to be invar-
iant from model to model with the exception of those occurring on 
resistance boundaries. These coefficients are therefore computed 
first for the uniform medium case and saved. Those coefficients 
for interior points located on resistance boundaries are recomputed 
and replaced by the original values at the conclusion of the run 
for that model. 
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FIG. 14. POTENTIAL DISTRIBUTION FOR UNIFORM MEDIA. 
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· FIG. 15. INFLUENCE OF OVER-RELAXATION FACTOR ON 
RATE OF CONVERG EN CE. 
CHAPTER IV 
RESULTS k~D CONCLUSIONS 
The two models shO\m in Figures 3 and 4 Here programmed on 
the Univac 1108 and on the CDC 3600 high speed digital computers. 
Selected results from these runs are presented here. 
INVASION STUDIES 
The model used for invasion studies is shown in Figure 3. The 
coefficients Ai~j~ Bi,j, ci,j, and Di~j are first computed for the 
uniform media. For each case considered, the coefficients for the 
interior points lying on the borehole boundary are recomputed using 
Equations (34) through (37) and Equations (11), ( 17), (26), and 
(31). TI1ese coefficients are evaluated with R1 •. =R4 •. =Rt and 
1,] 1, J 
Iterations are then performed until R~ converges to within the 
desired accuracy. At the termination of the run the original coef-
ficients are restored along the t\vo boundaries. 
The results obtained for three different values of Rw Rx~ and 
Rt are shO\m graphical·.:ly in Figures 16, 17, and 18. The value of 
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FIG. 16. INVASION STUDY, CASE I. 
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THIN BED STUDIES 
The model used for thin bed studies is shmm in Figure 4. 
The coefficients are recomputed along the resistance boundaries 
as in the previous examples. These boundaries are the borehole 
boundary, the sidebed boundary, and the corner point, which is 
the point of intersection of the previous t\vO boundaries. 
I 
The coefficients are recomputed at the corner point using 
are computed with R1=R2=Rs, and R3=R 4 =Rt. TI1e borehole boundary 
is divided into two parts. Along that part of the boundary next 
Results from this study are presented graphically in Fig-
ures 19, 20, and 21, plotting apparent resistivity versus bed 
thickness for three different resistivity configurations. 
It may be noted that there is an inflection in the curve, as 
might be expected, when the bed thickness approaches thedimension 
of the tool. 
SUMMARY 
The mathematical model presented here for the focus \vell log-
ging tool is applicable to any well logging tool of an electrode 
type. Resistance boundaries either cylindrical about the borehole 
or horizontal in form may be considered in any combination. 
. 
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Tne two models presented here possess symmetry about a hori-
zontal plane through the center of the tool. Though it greatly 
reduces the required computations, this symmetry is not required 
for the validity of the model, symmetry about the axis of the 
tool being the only requirement. 
The model is discretized by compartmentalizing the tool and 
its environment. The integral form of the condition for continu-
ity of current is then .applied to each compartment, yielding a 
very large system of equations. 
The iterative solution of these equations, required because 
of the extreme storage and time requirements of a direct method, 
1s very slo\-.rly convergent, requiring the use of an acceleration 
technique such as overrelaxation. 
With these methods, the numerica~ solution for the current 
flm.; from the measure electrode is now economically feasible on 
present-day high-speed digital computers. A run for a model of 
the type presented will take under 15 seconds for convergence to 
within 1% on a machine such as the Univac 1108. 
The method is flexible in that it will handle a large number 
of different types of resistance boundaries, the only major re-
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The follm..ring pages are printouts from the Univac 1108 
Fortran IV program used to obtain the potential distribution 
for the uniform media of resistivity one ohm-meter. 
The printouts are of the potential distribution obtained 
for the grid of Figure 6 after each 800 iterations. An over-
relaxation factor of 1.8 was used. 
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